Using weight coefficients, a complex integral formula, and Hermite-Hadamard's inequality, we give an extended reverse Hardy-Hilbert's inequality in the whole plane with multiparameters and a best possible constant factor. Equivalent forms and a few particular cases are considered.
Introduction
If p > 1, 
with the best possible constant factor π sin(π /p) [1] . A more accurate form of (1) with the same best possible constant factor was given in [ 
Inequalities (1) and (2) played an important role in analysis and its applications (see [2] [3] [4] ). In 2011, Yang [5] gave the following an extension of (2) 
where the constant factor B(λ 1 , λ 2 ) is the best possible, and B (u, v) is the beta function defined as (see [6] ) , and α = 1 2 , (3) reduces to (2) . Some other results related to (1)-(3) were provided in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In 2016-17, a few extensions of (1)- (3) with some reverses in the whole plane were obtained in [25] [26] [27] .
In this paper, using weight coefficients, a complex integral formula, and HermiteHadamard's inequality, we give the following extension of the reverse of (1) in the whole plane: If 0 < p < 1 (q < 0),
we have the following reverse Hilbert-type inequality in the whole plane:
Moreover, we prove an extended inequality of (6) with multiparameters and a best possible constant factor. We also consider equivalent forms and a few particular cases.
except for z i (i = 1, 2, . . . , n) and that z = ∞ is a zero point of f (z) of order not less than 1. Then, for α ∈ R, we have
where 0 < Im ln z = arg z < 2π . In particular, if z k (k = 1, . . . , n) are all poles of order 1, then
Proof By [28] (p. 118) we have (7). We find
Then by (7) we obtain (8) .
and constants c k = c k + (k -1)ε (k = 1, . . . , s).
it follows that
In particular, for s = 1, we obtain
for c s = · · · = c 1 , we have
We further assume that
, we set
.
Definition 1 Define the following weight coefficients:
where
Lemma 2 With regards to the above agreement, replacing 0 < λ 1 ≤ 1 (0 < λ 1 < 1) by λ 1 > 0 and setting
we still have
Proof For |x| > 1 2 , we set
It is evident that, for fixed m ∈ N, 0 < λ 2 ≤ 1, 0 < λ ≤ 1, both
are strictly decreasing and strictly convex with respect to y ∈ ( 1 2 , ∞) and satisfy
By Hermite-Hadamard's inequality (see [29] ) we find
) in the first (second) integral, by simplification we find
Since both
are strictly decreasing, we still have
where θ (λ 2 , m)(< 1) is indicated by (15) . We obtain
Then we have (14) and estimate (15) .
In the same way, we have
Lemma 3
With regards to the above agreement, replacing 0 < λ 2 ≤ 1 (0 < λ 2 < 1) by λ 2 > 0, for
Proof We find
For a = 1 (1-ζ ) 1+ρ > 0, by Hermite-Hadamard's inequality we have
We still obtain
Hence we have (19) .
Main results and some particular cases
Theorem 5 Suppose that 0 < p < 1 (q < 0),
a m , b n ≥ 0 (|m|, |n| ∈ N), and
We have the following reverse equivalent inequalities:
In particular, for (21) reduces to (6); and (22) and (23) reduce to the equivalent forms of (6) as follows:
Proof By the reverse Hölder inequality with weight (see [29] ) and (12) we find
By (17) , in view of p -1 < 0, we have
Then by (14) we have (22) . By Hölder's inequality (see [29] ) we have
Then by (22) we have (21) .
On the other hand, assuming that (21) is valid, we set
, |n| ∈ N, and then
By (26) we find J > 0. If J = ∞, then (22) is evidently valid; if J < ∞, then by (21) we have
namely, (22) follows, which is equivalent to (21) . We have proved that (21) is valid. Then we set
and find
, thats is, (23) follows.
On the other-hand, assuming that (23) is valid, using the reverse Hölder inequality, we
and then by (23) we have (21) , which is equivalent to (23) .
Therefore, inequalities (21), (22), and (23) are equivalent.
Theorem 6
With regards to the assumptions of Theorem 5, the constant factorK α,β (λ 1 ) in (21) , (22), and (23) is the best possible.
, and
By (19) and (17) we find
If there exists a positive number K ≥ K α,β (λ 1 ) such that (21) is still valid when replacing K α,β (λ 1 ) by K , then, in particular, we have
In view of the preceding results, it follows that
and then
is the best possible constant factor in (21) . The constant factor K α,β (λ 1 ) in (22) ( (23)) is still the best possible. Otherwise, we would reach a contradiction by (27) ( (28)) that the constant factor in (21) is not the best possible. 
It follows that (21) is an extension of (29).
( 
Conclusions
In this paper, using the weight coefficients, a complex integral formula, and HermiteHadamard's inequality, we give an extended reverse Hardy-Hilbert's inequality in the whole plane with multiparameters and a best possible constant factor (Theorems 5 and 6). We consider equivalent forms and a few particular cases. The technique of real analysis is very important, which is the key to prove the reverse equivalent inequalities with the best possible constant factor. The lemmas and theorems provide an extensive account of this type inequalities.
